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Abstract--Equations are derived for (dT/dq~)p and (dp/dgp)r along the cloud-point curves of solutions 
of heterogeneous polymers in a single solvent. It is shown that the extreme of the cloud-point curve 
(the precipitation threshold) can be calculated using these equations, The results of some model calcula- 
tions on systems obeying the Flory-Huggins equation with a pair-interaction parameter of the form 
g((9. T, p) = ,qo(T,p) + gt(p + g2q~ 2 are given, revealing the influence of gl and ~t2 on the precipitation 
threshold. 

INTRODUCTION 

Solutions of heterogeneous polymers are systems of 
more than two components. If demixing occurs in 
such systems, the extremes of the cloud-point curves 
(plots of precipitation temperature against solute con- 
centration at constant pressure or precipitation pres- 
sure against solute concentration at constant tem- 
perature) are not in general critical points as has been 
pointed out by Tompa I l l .  This is easily seen in Figs. 
I and 2. Figure 1 illustrates the case of a three com- 
ponent liquid system consisting of a solvent O and 
two homologous linear polymer components P1 and 
1"2 of different chain lengths at constant pressure. 
Several binodials at constant temperature are shown. 
In this system the miscibility increases with increasing 
temperature 7-. The line O P  represents all systems 
containing the given polymer P ( a mixture of P1 
and P2) and the solvent O. The construction of the 
quasi-binary section T O P  yields the cloud-point 

P2 

T 5 

"f4 

T 

0 PI 

Fig. l. Binodials of a ternary liquid system with a two- 
phase region at constant temperature and pressure. Bino- 
dials at several temperatures are shown. The critical points 

are denoted by circles. 
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curve (hereafter designated as CPC) Fig. 2. It is clear 
that the critical point (~b c, T 5) does not coincide with 
the extreme of the CPC (qS,h, T3). Tompa called the 
latter point the precipitation threshold which, in this 
case, represents the highest temperature at which 
phase separation can occur. The relationships are en- 
tirely analogous for a system consisting of N polymer 
species and a solvent. The composition of the system 
can be represented in a N-dimensional tetrahedron. 
The binodial curve is replaced by a (N-l) dimensional 
binodial surface. The given polymer P is represented 
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Fig. 2. The cloud point cur~e: a quasi-binary section of 
Fig. 1. 
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by a point P in the (N-l)  dimensional face of the 
tetrahedron opposite to the solvent corner O. The 
CPC can be found as the quasi-binary section TOP 
and shows the same features as Fig. 2. In general 
the precipitation threshold is determined by the bino- 
dial surface to which the composit ion axis OP is a 
tangent. 

In this paper equations for dT/d4) and dp/d4~ along 
the CPC are derived. Using the Flory-Huggins  equa- 
tion with a concentration dependent pair-interaction 
parameter  for the free enthalpy of mixing, and putting 
dT/d4~ = 0 dp/dck = 0, we find the conditions for 
the precipitation threshold. 

T H E O R Y  

The Flory-Huggins  expression for the free enthalpy 
of mixing AG of a mixture of N homologous polymer 
components in a single solvent reads I-2]: 

N 

AG/RT = ~b o In ~b 0 + ~ Oim[ 1 In q5 i + g~b~bo (1) 
i = l  

~b o (i = 0) and ~bl are the composit ion variables for 
the solvent and polymer component  i respectively and 
can be expressed as volume-fractions, weight-fractions 
or segment mol-fractions, rn~ is the size of a molecule 
of polymer component i relative to the size of the 
solvent molecule (too = 1). 

N 

¢= Y¢, 
i = 1  

is the overall polymer concentration and g is the pair- 
interaction parameter. AG must be taken per unit of 
volume, unit of weight or per mol segments, depend- 
ing on the definition of the composit ion variables. 

In the original treatments by Flory and Huggins, 
g was considered as a function of temperature only. 
This soon appeared to be an oversimplification. The 
experimental data show that # often depends on ¢ 
as well on the molecular weight of the polymer. 

The concentration of polymer component  i in a 
homogeneous solution ~b~ and in the solvent-free 
liquid polymer ~b ° are related by the equation for the 
composit ion axis OP (Fig. 1): 

~bl = ¢o¢  (2) 

4, ° is determined by the molecular-weight distribution 
of the polymer. The equilibrium conditions for a sys- 
tem of (N + 1) components separated in two phases 
(' and ") are: 

/2~ =/27 (i = 0, 1, 2 . . . . .  N) (3) 

where/2¢ is the chemical potential. 
For  both phases we have the G ibbs -Duhem equation: 

N 

V' dp - ~' d T  = ~ ~b~ dp~ (4a) 
i = 0  

N 

V" dp - ~" d T  = ~ qY{ dff,'. (b) 
~=o 

If pressure, temperature and composit ions of the two 
phases are changed by small amounts  dp, dT, dq~'i 
and d¢7 in such a way that the two phases remain 

in equilibrium we have d/2~ = d/2~ ". = d/2i. Substraction 
of Eqns. (4a) and (4b) gives then: 

N 

( V ' -  V")dp - ( ~ ' -  R")dT = ~ (~b} - ¢;')d/2,. (5) 
i = O  

It may easily be shown (see for instance Haase[3]  
or Malesinski [4])  that, if/2i is considered as a function 
of T, p, ~b',, q~'~ . . . . .  ~b}, Eqn. (5) can be worked out in: 

N N N N 

dp'Av, d p -  ~ ¢TAs, dT  = Y~ Y~ ( ¢ ; -  ¢',') 
i = 1  i = 1  i = 1  j = l  

/ OzU' \ d ' 
x ~ ) r . ,  ¢, (6) 

where Avi = v'i - v'[ and Asl = s'~ - s'~. vi and s/ are 
the partial  derivatives of the volume and the entropy 
with respect to the "amount"  of component i. The 
way in which this "amount"  is defined depends on 
the chosen definition of the composition variables. 
The CPC is the borderline between the one-phase 
area and the two-phase area. 

This means that each point of the CPC lies on 
the composit ion axis OP. So if we denote the princi- 
pal phase by ' and the conjugate (i.e. appearing) phase 
by ". we have along the CPC [Eqn. (2)]: 

¢ j  = ~b°~b ' (7) 

and since ~b ° is constant:  J 

dqg; = ~b ° d~b' (8) 

From Eqn. (1) it follows that:  

±( ) eo 
= ~bff' - 2 0 + 2(1 - 2 0 ) ~  

R T  \ OdPiOdPlJr.p 

a29 
+ q ~ o q ~ d - ~ - = L  if i # j 

and 

(9a) 

RT\ddpit3¢S}T.p = L + (m~dpi)- x if i = j.  (b) 

Equations (6) and (8) together with Eqn. (9) give: 

N N 

- ~ q~;'As, d T  + ~ dp'{Avidp = RT[(dp~- (a'o)L' 
i = 1  i = 1  

i= 1 m i  _.1 

From Eqn. (10) we find (dT/dq~)p or (dp/dqS)r along the 
CPC in a quasi-binary temperature-composit ion section 
or a quasi-binary pressure-composition section respec- 
tively. The precipitat ion threshold is defined by 
(dT/dq~)p = 0 or (dp/dq~)r = 0 which yields: 

i =  1 Wli 

Equation (11) reduces to the equation which was de- 
rived, in a different way, by Tompa for a concentra- 
t ion-independent g [1]. 
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C A L C U L A T I O N  P R O C E D U R E S  

The  precipi ta t ion threshold can in principle be calcu- 
lated f rom Eqns.  (11) and (7) together with Eqn. (3) 
for the solvent :  

N 
l n ( l - ~ b ' ) +  ~ r n , -  l q~;+ [g'-(1-q~')6']4/2 

i = l tgli 

= In (1 - 4;') + ~ m,-1_¢,; 
i = 1 ~71i 

+ I V '  - (1 - ¢ " ) 6 " ] ¢  "~ 02) 

and the wel l -known equat ion for the dis t r ibut ion 
coefficient of po lymer  species i over  the two phases [2] : 

cki'/c/)'i = exp (ami) (13a) 

with 

cr = In [(1 - qS")/(1 - q~')] - (g" - g') 

+ 2(g"~" - g'~b') - [(1 - q~")~b"6" - (1 - q5')~'6'] 

(b) 

where 9' = g(4/); g" = g(# ' ) ;  ~' = (Sg/8~b),,; 6" = 
(c3g/~4)),,,. With  these equat ions and a given set of 
values of  mi and ~b °, i.e. the molecular-weight  distribu- 
t ion of the polymer,  one can calculate the precipi- 
ta t ion threshold  in terms of concentra t ion and tem- 
pera ture  at a given pressure or concentra t ion  and 
pressure at a given temperature  if g is known as a 
funct ion of  temperature ,  pressure and concentrat ion.  
Huggins  [5] suggested to approximate  the concen-  
t ra t ion dependence  of g by a polynomial  in q~. This  
concept ,  also followed by Koningsveld [6], leads to 
the fol lowing expression for g: 

n 

g = E gk  ~gk k = O, 1, 2 . . . . .  n, (14) 
k 

In this formula  each coefficient 9k may. be a function 
of  t empera tu re  and pressure. If we restrict ourself  to 
a quadra t i c  dependence of g on 4) and suppose that  
gt and g2 are independent  of temperature  and pres- 
sure equat ions ,  (7), (11), (12) and (13) can be worked 
out  in: 

g~ = { -  a + I , [ 1  - (~" - ~')/2] - ~(4'" - 4") ~ 

x ( I  - 0 ' ) - '  - 392[q')'(2q')' - I ) [2(q5" - ~b') 

_ (4,,,~ _ 4;2) ]  + (¢"~ _ 4,,~) _ 2(4/'3 _ 4,,3) 

+ (0 ''4 - (h'*)] }/130'[2(~b" - 4,3 

- -  (q~)"2 __ (~b,2)] _ 3((~),,2 _ (~b,2) Jr- 2((]) ' '3 - -  ~) ,3)}  

9o = ½ld#' 

where 

- 4 , ' )  - '  - 3 ¢ ' [ g ,  - g 2 ( ~  - 2 ¢ ' ) ]  

+ 91 + ~(1 - ~b') -1 

q~" = ~ ' I  2 

N 

I1 = Y~ 0°m/-~ [ e x p ( a m i ) -  1] 
i=1  

N 

I2 = Z 0 °exp(ami)"  
i - 1  

(15) 

(16) 

(17) 
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Fig. 3. The optimalization method. 

FW = a(calculated)a~irn~ed)- a(estimated) . 

The physical significant root a, is found at o = 4,495-10 -4, 

Fo r  a given molecular -weight  dis t r ibut ion and known 
9o(P, T), gl  and 92 the precipi ta t ion threshold  can be 
calculated as follows: 

(a) In t roduce  es t imated values of 4" and 0 and calcu- 
late 11, 12,  q~", gl and go from Eqns. (18), (19), (17), 
(15) and (16) respectively. 
(b) Calculate  (r (calculated) f rom Eqn. (13b). 
(c) Wi th  the aid of  a suitable op t imal iza t ion  me thod  
a (estimated) is changed at constant  0 '  and .q2 until 

a(calculated)  - a(est imated) t 
a ~ t i m a t ~  t / 10-8 < 

gl 

C 
0,2 

0 

- 03 

- 0 , 3  

- 0 , 5  

g2 : 0,03 
g2 : 0,02 

g2 =0,0t 

g2 =0 

- 0 , 7  

( 1 8 )  < ~  , i i i i i 

0 O, OZ, 0,08 0,12 
) O t h  

(19) Fig. 4. The precipitation threshold. ,q~ as a function of qS,, 
at constant g2. m, = 50. mw= 100, "L, = 15(I. 
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Fig.  5. The precipitation threshold. 9~ as a function of 
qS,h at constant 92. m. = 500, m~ = 1000, m= = 1500. 

SOME MODEL CALCULATIONS 

Many studies of thermodynamic properties of 
polymer solutions have shown that the pair-interac- 
tion parameter generally depends on the polymer 
concentration. It seems therefore worthwhile to check 
the influence of gl and g: on the location of the preci- 
pitation threshold. We will leave the temperature and 
pressure dependence of go unspecified. Figures 4 and 
5 show the influence of gl and g2 on the precipitation 
threshold for two exponential molecular-weight distri- 
bution functions [8] w 1 and w2. 

For wl: m . =  50; mw= 100; m= = 150. For w2: 
m. = 500; mw = 1000; m, = 1500. 

The various averages of the relative chain length 
are defined by: 

m, = I / E  (9°/m, (20) 

mw = Y ~/°m,. (21) 

m: = E c~°~ ,n~ /Y, ~po,,,,. (22) 

From these figures it can be seen that at constant 
92 an increase in 91 shifts the precipitation threshold 
towards higher polymer concentrations. This is in ac- 
cordance with the findings of Koningsveld et al. [9] 
who studied the influence of 9~ at 92 = 0 on the 
whole CPC. An increase of g2 at constant gl is 
accompanied with a shift of the precipitation thresh- 
old towards lower polymer concentrations. 

(d) Repeat the calculation with various values of ~b'. 
F rom a plot of 91 vs ~ '  one can find the precipitation 
threshold (90, qY) at the desired 91-value. From g0(P, T) 
at a given p or at a given T we can calculate the 
temperature or pressure of the precipitation threshold 
respectively. 

For  the optimalization method we used the Mar- 
quardt  method [7]. A typical plot of 

In a(calculated) - a(estimated) vs a(estimated) 
~ i m a t - ~  

at constant 4)' and 92 is shown in Fig. 3. The physi- 
cally significant root is found at cr = 4.495 × 10 -4. 
The plot shows that Tompa 's  remark (that calcula- 
tions of this kind require a very high accuracy for 
a if significant results are to be obtained) is highly 
relevant [1]. The calculation of one point of a gl-qS' 
plot requires about 1.5 sec computer  time on an IBM 
370/165 system. 
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